Fortysix mutually nonisomorphic symmetric (64,28,12)-designs have been constructed by means of tactical decompositions. They all admit an action of the nonabelian group of order 21. The computation of their full automorphism groups as well as their derived (28,12,11)-designs proves that none of them can be isomorphic to any of the known (64,28,12)-designs.
Introduction and preliminaries
It is well known that the existence of a symmetric design with parameters (4u 2 ; 2u 2 −u; u 2 −u) is equivalent to the existence of a regular Hadamard matrix of order 4u 2 (see [12, Theorem 1:4, p. 280] ). Thus, symmetric designs with parameters (64,28,12) have been constructed a long time ago. However, this fact did not reduce the interest of many combinatorialists to construct new nonisomorphic designs with that parameter triple. Many articles, dealing with di erence sets as the method of construction for (64,28,12)-designs appeared recently (see [5, 8, 11] ). All the designs constructed there have huge full automorphism groups, with large 2-subgroups. In particular, orders of full automorphism groups of those designs are divisible by 2 6 . In this article we are able to construct 46 nonisomorphic designs for which 2 6 does not divide the order of their full automorphism groups. Moreover, none of the derived designs (with parameters (28,12,11)), which one can get from the (64,28,12)-designs constructed in this paper, is quasi-symmetric. This fact proves that the designs constructed here are nonisomorphic to all designs constructed in [6, 9] .
We assume that the reader is familiar with the basic facts from design theory (which can be found for example in [2] ). Shortly, a symmetric (64; 28; 12)-design is a ÿnite incidence structure D = (P; B; I) where |P| = |B| = 64, every element of B (these elements are called blocks or lines) is incident with 28 elements from P (these elements are called points), and every pair of points is incident with 12 blocks.
We shall use the method of tactical decompositions for the construction of (64,28,12)-designs. For a detailed explanation the reader is referred to [3, 4, 7] . We give here only a brief summary of it.
Let G6Aut D be an automorphism group of the symmetric design D. By [10, Theorem 3:3] G has the same number of orbits on the set of points P and on the set of blocks B. Denote this number by t. Further, denote the point orbits by P 1 ; P 2 ; : : : ; P t and the block orbits by B 1 ; B 2 ; : : : ; B t . Put |P r |=! r and |B i |= i . Clearly, t r=1 ! r = t i=1 i =v. Let ir be the number of points of P r which are incident with every block of B i . The integers ir are parameters of a tactical decomposition for the partition t r=1 P r of the set P and for the partition It is known that the following equations must hold:
So, the ÿrst step in the construction of all symmetric designs admitting the action of G is to determine all possible orbit lengths and to ÿnd all possible orbit structures related to that orbit lengths. In the second step, often called indexing, we have to specify which ir points of the point orbit P r lie on the lines of the block orbit B i , taking into account that each two blocks intersect in = 12 points. It is enough to determine a representative for each block orbit; the other blocks of that orbit can be obtained by producing all G-images of that representative.
Deÿnition 2.
A subset of the point orbit P r indicating which points of P r lie on the block representative of B i is called the index set for the position (i; r) of the orbit structure.
Action of the Frobenius group of order 21
Let D be a symmetric (64, 28, 12 
G acts in the same way on the set of points and on the set of blocks.
In this article we shall consider the cases of O 1 and O 2 . Therefore, we need the permutation representations of the generators of G on 7 and 21 points which can be notated as 0; 1; : : : ; 6, or 0; 1; : : : ; 20, respectively. Without loss of generality, we write = (0; 1; 2; 3; 4; 5; 6) and = (0)(1; 2; 4)(3; 6; 5)
in the ÿrst, and = (0; 1; 2; 3; 4; 5; 6)(7; 8; 9; 10; 11; 12; 13)(14; 15; 16; 17; 18; 19; 20); = (0; 7; 14)(1; 9; 18)(2; 11; 15)(3; 13; 19)(4; 8; 16)(5; 10; 20) (6; 12; 17) in the second case.
3. The case O 1 = {1; 7; 7; 7; 7; 7; 7; 7; 7; 7}
We introduce an ordering of the orbits such that ! 1 = 1 = 1. We get easily Corollary 1. In case of O 1 ; ÿxes precisely 10 points and blocks of D. Further; each block orbit contains a line stabilized by .
Because of the previous corollary all entrances of the orbit matrices must satisfy an additional condition ir ≡ 0; 1 (mod 3). Simple computation leads to the following. It is a trivial task to index the ÿxed part of the orbit structure. Therefore, we shall consider only the right-lower part of the matrix of the orbit structure of order 9 and denote it by B = (b ij ), 16i; j69. For both orbit structures b ij ∈ {0; 3; 4}. Hence, there are altogether ÿve possibilities for the index sets. We write them down and denote them by nonnegative integers from 0 to 4: ∅ = 0; {1; 2; 4} = 1; {3; 5; 6} = 2; {0; 1; 2; 4} = 3; {0; 3; 5; 6} = 4:
There is not much danger of confusion between the elements of an index set and its name. To eliminate the isomorphic structures, we introduce the lexicographical ordering of the index sets, as well as an ordering of the indexed block representatives, in the natural way. Moreover, the involution deÿned as
which commutes with produces isomorphic designs. The cycle decomposition of on the index sets is (0)(1; 2)(3; 4):
The third help for the elimination of isomorphic designs during the construction is the application of the automorphism groups of the orbit structures. They are 4 × 5 for the ÿrst orbit structure and 4 × 4 for the second. Finally, an appropriate computer program led to the following. Theorem 2. There are 10 mutually nonisomorphic symmetric designs with parameters (64; 28; 12) admitting the action of the Frobenius group of order 21 so that the cyclic group of order 3 ÿxes 10 points and blocks.
Proof. The ÿrst orbit structure led to three symmetric designs; denote them by D 1 ; D 2 and D 3 and write them down in the form of the (9 × 9)-matrices of index sets:
The 2-rank for these three designs equals 26. All three designs are selfdual. The statistics of intersection of any three blocks proves that these three designs are nonisomorphic. As none of the triples of blocks intersect in 10, 11 or 12 points, we list only those parts of these statistics where the di erences appear (see Table 1 ).
The second orbit structure led to seven symmetric designs. We denote them by D 4 ; : : : ; D 10 and list them below. The 2-rank of these seven designs equals 27. So they are all nonisomorphic to any of the three designs constructed from the ÿrst orbit structure. Pairs of dual designs are (D 5 ; D 7 ) and (D 6 ; D 8 ), while the other designs are selfdual. The statistics of intersection of any three blocks was su cient again to show, these seven designs cannot be isomorphic (see Table 2 ).
Hence the theorem is proved.
Proof. Using a computer program by V. Tonchev we got the orders of the automorphism groups as well as their generators. It was then an easy task to ÿnd the structure of the groups. Still, we want to give an example. We got that |Aut D 2 | = 168. Obviously, the following permutations of rows and columns leave the matrix of index sets for D 2 unchanged:
Perm: of rows Perm: of columns 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9 1 2 4 3 6 5 8 7 9 2 1 3 4 5 7 6 9 8 2 1 3 4 7 8 5 6 9 1 2 4 3 5 8 9 6 7 2 1 4 3 8 7 6 5 9 2 1 4 3 5 9 8 7 6 3 4 1 2 5 7 6 8 9 3 4 1 2 5 6 8 7 9 3 4 2 1 7 5 8 6 9 4 3 1 2 5 8 6 9 7 4 3 1 2 6 8 5 7 9 3 4 2 1 5 7 9 6 8 4 3 2 1 8 6 7 5 9 4 2 3 1 5 9 7 8 6 Here, we introduce an ordering of the orbits such that ! 1 = 1 = 1; ! i = i = 7, for 26i67, and ! 8 = 8 = 21.
We shall index the left-upper (7 × 7)-submatrices of those orbit structures in the same way as we did in the case of O 1 .
In order to index the row and column that correspond to orbits of length 21, we shall decompose these orbits in 3 -orbits of length 7. That decomposition leads us to orbit structures with respect to the normal subgroup . Up to column permutations, here are the only possibilities for rows of the decomposed orbit structures:
The numbers in the ÿrst column stay again to notice the length of the block orbit. Knowing that acts on the set of -orbits as (1)(2)(3)(4)(5)(6)(7)(8; 9; 10); it is obvious that each orbit structure OS1; OS2; : : : ; OS9 can be decomposed, up to isomorphism, in a unique way. Decomposed structures will be named OS1 ; OS2 ; : : : ; OS9 . For example, structure OS4 gives rise to structure OS4 :
OS4 1 7 7 7 7 7 7 7 7 We shall proceed with indexing of structures OS1 ; OS2 ; : : : ; OS9 , having in mind the action of on the sets of points and blocks. We shall omit the trivial task of indexing the ÿxed part of orbit structures and take into consideration only the right-lower (9 × 9)-submatrices.
For representatives of block orbits B i ; 16i67, we shall choose lines stabilized by . That means that index sets for positions (i; r); 26i; r67, of orbit structures OS1 ; OS2 ; : : : ; OS9 have to be unions of sets ∅; {0}; {1; 2; 4}; {3; 5; 6}. Finding the index sets for positions (i; 8); 26i67, and knowing the action of on -orbits, we have determined at the same time the index sets for positions (i; r); 26i67; 96r610. For example, if the index set for the position (2; 8) is {0; 1; 2}, then the index set for the position (2; 9) is {0; 2; 4}, and the index set for the position (2; 10) is {0; 1; 4}. To index the last three block orbits it is su cient to determine index sets for the block orbit B 8 and then apply the permutation . For representatives of the block orbit B 8 we shall choose the ÿrst lines in the orbit, with respect to lexicographical order.
To eliminate isomorphic structures as soon as possible, we shall use again the involution and automorphisms of orbit structures OS1 ; OS2; : : : ; OS9 which commute with the permutation . By the help of computer programs, we got the following results: Using the computer program of V. Tonchev we have determined that the order of the full automorphism group of D 27 is 42, and orders of full automorphism groups of other 35 designs is 21. It is obvious that involution which on the point and block orbits of the orbit structure OS4 acts as permutation (2; 3)(4; 5)(6; 7) is an automorphism of the design D 27 . Therefore, the full automorphism group of D 27 is Frob 21 × Z 2 .
The statistics of intersection of any three blocks proves that those 36 designs are mutually nonisomorphic. By help of the computer program of V. Tonchev we have determined the 2-ranks of the constructed designs.
In each full automorphism group of designs constructed in the case of O 2 there is only one conjugacy class of nonabelian subgroups of order 21. Since the action of Frob 21 in the case of O 1 is obviously di erent from the one in the case of O 2 , designs constructed in these two cases are nonisomorphic.
Obviously, the largest Sylow 2-subgroups of full automorphism groups of designs described in this article have order 8. It is also obvious that these groups do not act transitively. Hence, all designs constructed here are nonisomorphic to the symmetric (64,28,12)-designs that had been constructed before.
